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Abstract 

The A phase and the B phase of superfluid He-3 are well studied, both theoretically and exper- 
imentally. The decay time scale of the A phase to the B phase of a typical supercooled superfluid 
^He-A sample is calculated to be 10^°''^'^'^ years or longer, yet the actual first-order phase transition 
of supercooled A phase happens very rapidly (in seconds to minutes) in the laboratory. We propose 
that this very fast phase transition puzzle can be explained by the resonant tunneling effect in field 
theory, which generically happens since the degeneracies of both the A and the B phases are lifted 
by many small interaction effects. This explanation predicts the existence of peaks in the A ^ B 
transition rate for certain values of the temperature, pressure, and magnetic field. Away from these 
peaks, the transition simply will not happen. 
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I. INTRODUCTION 



It is well known that superfluid He-3 has a very rich phase structur^. Its superfluidity 
properties allow a typical sample to be treated as a pure quantum system devoid of impu- 
rities. A number of its phases have been well studied, in particular the A phase and the B 
phase. They are well described by the so-called mean field theory. Their properties (such 
as free energy density difference, critical temperature and domain wall tensiorPSl) are well 
understood and measured so the A ^ B phase transition rate can be reliably calculated. At 
low enough temperature, B phase has a lower free energy density than that of the A phase. 
In the nucleation theory for a supercooled A phase sample, the A ^ B first order phase 
transition can go via thermal fluctuations or via quantum tunneling. The characteristic 
time for a typical sample in A phase (the false ground state) to thermally fluctuate over the 
barrier id^ 

(Note that choosing the units in years instead of seconds leads to a tiny error in the exponent, 
well within the uncertainties of the estimate.) If it goes via quantum tunneling at zero 
temperature, one obtains, in the usual WKB approximatiorP, 

T-lO^O'OOOs (2) 

This estimate at zero temperature is too optimistic for the actual situation. At higher tem- 
peratures where the transition has been observed, the quantum tunneling time is estimated 
to be longer (the exponent is bigger by at least an order of magnitude). These estimates 
imply that the transition should never have happened. Yet, it is a well known fact that this 
transition actually happens very rapidly, in hours if not in seconds. This very rapid transi- 
tion allows experimentalists to reach and study the B phase by supercooling the superfluid 
He-3 in the A phase (which is in turn usually reached via the Ai phase). The discrepancy 
between theory and experiments is huge : the above exponents are too big by four to five 
orders of magnitude. 

Superfluid He-3 is one of the most pure quantum systems accessible in the laboratory. 
Any impurity will self separate (e.g., He-4 will sink to the bottom). So superfluid He-3 is 
an excellent quantum system to study. It is intuitively clear that impurities can provide 
seeds of nucleation bubbles for the transition. Since superfluid He-3 has no impurities. 



2 



external beams such as cosmic rays may provide the necessary seeds of nucleation, thus 
exponentially speed up the phase transition process. This is the "Baked Alaska" modeP. 
Alternatively the "cosmological" scenaricP proposes that after a local heating above the 
superfluid transition temperature, many casually independent regions undergo the superfluid 
transition to the A or B phase. If the energetically favorable B phase seeds percolate, the 
transition will complete. Although we agree that external interference (e.g., shooting neutron 
beams or cosmic rays on the sample) can surely speed up the transition process'^, a direct 
search of cosmic ray effect detected no such correlation in a superfluid He-3 sampl#2*i^. So 
this observed superfast phase transition remains an outstanding puzzle. Here, we propose 
to explain this rapid phase transition as a natural consequence of the resonant tunneling 
phenomenon. 

If our explanation is correct, there is at least a plausible, qualitative but very distinctive 
prediction that may be readily checked experimentally. Resonant tunneling phenomenon 
happens only under some fine-tuned conditions. This feature predicts the existence of peaks 
in the A ^ B transition rate for certain values of the temperature, pressure, and external 
magnetic field. Away from these peaks, the transition simply will not happen. These high 
probability regions may take the form of isolated peaks, or lines or surfaces in the three- 
dimensional space with temperature, pressure, and magnetic field as the three coordinates. 
The locations and shapes of such regions should also depend on the container geometry as 
well as the properties of the container surface. 

Experiments in Ref.H'^ have shown that, for fixed pressure, magnetic field and geom- 
etry, the B phase nucleation takes place at a specific temperature. For example, Ref.'^ 
finds that, for pressure at 29.3 bar and magnetic field H = 28.4 mT, B phase nucleation 
takes place at temperature T = 0.67Tc with a full width of about 0.02Tc (where Tc is the 
superfluid transition temperature) when the sample is slowly cooled, i.e., there is a peak in 
the plot of transition event number vs T. This is what our proposal expects : the resonant 
tunneling condition is satisfied only when the properties of the He-3 sample are just right. 
This happens at a specific temperature when other conditions are fixed. Now, the resonant 



condition is simply the Bohr-Sommerfeld quantization condition (A8), which has multiple 
solutions. This allows the possibility that there are more than one nucleation temperature. 
In the three-dimensional space with pressure, magnetic field and temperature as the three 
coordinates, there are isolated regions where the A ^ B transition is fast enough to be 
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observed. This also suggests the following two possibilities : 

(1) The resonant peak in the event number (of B phase transition) versus temperature is 
actually an unresolved collection of two or more extremely narrow peaks. 

(2) The width may be due to the spread caused by the finite temperature and experimental 
setup resolution limit. Depending on the details, there may be other critical nucleation 
temperatures besides the one observed. A simple search of additional nucleation tempera- 
tures below T = 0.67Tc will be very interesting. If they exist, we expect their widths to be 
narrower as well. 

In quantum mechanics (QM) the tunneling probability (or the transmission coefficient) of 
a particle incident on a barrier is typically exponentially suppressed. However, the addition 
of a second barrier can actually enhance the tunneling probability: under appropriate condi- 
tions and for specific values of the particle's energy, the tunneling probability may actually 
approach unity. This enhancement in the tunneling probability, known as resonant tunnel- 
ing, is due to the constructive interference of a set of quantum paths of the particle through 
the barriers. This is a very well understood phenomenon in quantum mechanic j^^ * ^^ l The 
first experimental verification of this phenomenon was the observation of negative differen- 
tial resistance due to resonant tunneling in semiconductor heterostructureS. In fact, this 
phenomenon has industrial applications, e.g., resonant tunneling diodes etc^. 

Tunneling under a single barrier in quantum field theory (QFT) with a single scalar field 
is well understood, following the work of Langer, Coleman and others on the formation of 
nucleation bubble^^-^*^. Using the functional Schrodinger methocP^, one can show how the 
resonant tunneling phenomenon through double barriers takes place in quantum field theory 
with a single scalar field^°. Again, this phenomenon can lead to an exponential enhancement 
of the single-barrier tunneling rate. To identify this resonant tunneling phenomenon in 
nature, we need a quantum system with multiple false vacua with appropriate properties. 
In this paper, we present arguments that this resonant tunneling phenomenon has already 
been observed in superfiuid He-3. 

The properties of the A and B phases are among the best understood, both theoretical 
and experimental, qualitative and quantitative, in condensed matter physics. The He-3 
pairing is in p-wave spin S = 1 state. Here the order parameter (a 3 x 3 complex matrix 
A(r, t)) describes the properties of various phases and the real scalar field (p we have in mind 
is the interpolating field among the specific phases the particular transition is taking place. 
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Although the calculated thermal fluctuation time ([T]) is faster than single-barrier quantum 
tunneling time at the temperatures at which the transition is observed, under appropriate 
conditions the resonant tunneling effect can reduce the exponent in Eq.([2]) by orders of 
magnitude, reversing the inequality. (Pre-factors will be ignored throughout.) 

In this paper, we present the relevant conditions for the resonant tunneling phenomenon 
and propose how it may happen in the A ^ B phase transition. It is well accepted that both 
the A phase and the B phase actually consist of multiple distinct local classically metastable 
minima of the free energy functional, which we shall refer to as A sub-phases and B sub- 
phases. To avoid confusion with the Ai phase, we shall refer to these as A^ sub-phases 
(similarly for the B sub-phases). The barrier and the free energy density difference between 
any two A sub-phases are small compared to that between an A sub-phase and a B sub-phase 
(similarly for the B sub-phases). Here, we start with this qualitative property and show that 
the A^ A^ ^ B transition can easily be enhanced by the resonant tunneling effect. This 
enhancement can be particularly strong for a specific B^ sub-phase, so the A^ — )► A^ — )■ B^ 
transition will dominate. Even though we may not know the actual sub-phases involved in 
a specific sample, we argue that this phenomenon is quite generic in He-3. As supercooling 
is taking place, the detailed properties of the sub-phases are slowly changing accordingly, 
increasing the probability of hitting the resonance condition at certain point, and so a typical 
transition can be quite fast. 

Our analysis further suggests that the resonant tunneling effect may remain as both the 
A^ — A^ tension ai and the A^ — A^ energy density difference ei approach zero while keeping 
the ratio a\/{e\vFK) large but fixed (where vp is the Fermi velocity). This suggests that the 
resonant effect may remain when we have a degenerate or an almost degenerate A phase. 
Here the resonant tunneling effect probably follows from the coherence of the infinite sum 
of Feynman paths in the degenerate A = A^ — A^ phase. Further study will be important in 
finding the necessary condition for resonant tunneling in this case. 

We shall also compare this resonant tunneling scenario to other proposed explanations 
to this fast transition puzzle and discuss some possible ways to test this proposal. 

Our original motivation to study resonant tunneling is its possible implication in string 
theory and cosmologj^^^Ml^ String theory suggests a mult i- dimensional "landscape" with 
numerous (if not infinite number of) classically stable local vacua (i.e., phases)^^. Tunneling 
between possible vacua in this cosmic landscape is an outstanding problem under investi- 
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gation. A better understanding of the first order phase transition processes in superfluid 
He-3 will certainly help, since the actual tunneling processes are rather complicated, so it is 
truly useful that one can do experiments to test the model calculations. In this sense, this 
is another way to realize the connection of He-3 to cosmologjJ^. It will be very useful to 
find other systems in the laboratory that exhibit the resonant tunneling phenomenon. 

The rest of the paper contains the following sections. In Sec. 2, we review some of the 
properties of phase transitions in superfluid He-3 that are relevant to the above estimates 
of the transition rates 

the formalism for resonant tunneling in scalar field theorj^. In Sec. 4, we study the 
conditions for resonant tunneling and identify the tunneling — )■ — i?^ to be most 
likely, as compared to other transitions that involve an intermediate B sub-phase. A priori, 
other tunneling paths, say those involving other possible phases in superfluid He-3, may be 
potential candidates too. In Sec. 5 we discuss some possible ways to test this proposal. Sec. 
6 contains some remarks. The appendix reviews the resonant tunneling effect in quantum 
mechanics. 

II. THERMAL AND QUANTUM TUNNELING 

The features of superfluid He-3 physics is well described by the mean field theory. Both 
the A-phase and the i?-phase are continuously degenerate. These degeneracies are typically 
lifted by the presence of external magnetic field, which interacts with the spin and the 
orbital waves, the container wall effect, as well as the wall surface irregularities etc.. Let us 
ignore these effects for the moment and consider the tunneling between the A-phase and the 
i?-phase. Here we like to review the inputs that go into the estimates ([T| [2]) and show that 
these estimates of the exponents are reasonable within the present context. 

A He-3 atom has spin one-half and the He-3 pairing happens in the spin S = 1 p-wave 
state. So the order parameter is a 3 x 3 matrix Aai, where a G {x,y,z) is the spin index 
and i G (x, y, z) is the index for the / = 1 p-wave orbital. 

Assuming that the order parameter takes the shortest path in field space from the A-phase 



Tp). This brings out clearly the puzzle. In Sec. 3, we review 
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to the S-phase, the order parameter takes form 

^ 1 i o\ /l 0^ 



1 
1 



(3) 




yO Oy 

for the configuration of interest. The false ground state, namely the A phase, is at ^ = 
and the true ground state, namely the B phase, is at C = 1- Up to a normalization factor, 
( is simply the interpolating field 0. 

Although we shall not go into any details, it is important to point out the following key 
point. It is obvious from the form of the A phase matrix that it is highly degenerate. For 
example, instead of putting the non-zero values in the xx and xy entries, we can rotate them 
into other entries. Besides the standard Ginzburg-Landau free energy functional, there are 
many other interaction terms that will contribute to the free energy densitj^. Some examples 
include interactions with the external magnetic field and the container wall. Magnetic field 
effects are generally small, but container wall (which typically can have some irregularities 
on its surface) effects can be very strong for He-3 close to the wall. There are texture and 
topological properties, as well as current properties. In general, these effects tend to lift 
(or reduce) the large degeneracy of the A phase, leading to many A sub-phases. A similar 
situation happens for the B phase. This fact will play a crucial role in our proposal. 

The critical temperature depends on the pressure and the magnetic field. Here we shall 
use the typical value ~ 2.5mK. The measured value of the domain wall tension between 
the A and B phases at melting pressure is cr ~ 9.3 x lO^^J/m^^ while the calculated value 
using the path ([s]) in the Ginzburg-Landau free energy functional is within 10% of the 
measured valu^. For a more accurate calculation of the domain wall tension sed^. At 
T = 0.7Tc (a typical temperature in the experiments), the free energy density difference is 
e = O.OlSJ/m^'I'^. Note that both cr oc (1 — T/T^,)^''^ and e oc (1 — T/T^)^ are temperature 
dependent. 

The decay width of the A phase to the B phase is given by, ignoring the prefactor, 

F ~ e-^/^' (4) 

Using the above values for a and e (at T = O.TT^), the exponent S for the pure quantum 
tunneling decay process in the thin-wall approximation is given bjP^'^ 

5'quantum = — ;:; T = 8.2 X lO"^ H (5) 

2 Vp 



if the Fermi velocity vp is about 55m/s. The difference between this estimate and the 
estimate ^ is in the values of a and e used. The estimate ^ uses instead the values of 
cr and e at T = while the actual temperatures in the experiments are closer to the value 
(T = 0.7Tc) we use. 

As a simple estimate of the validity of the thin-wall approximation, we can compute the 
ratio of the radius of the bubble at nucleation Ac to the thickness of the domain wall 
For a symmetric double well potential (ignoring the small e term), jj, ^ ^J2mvp jh^ where 
m is the mass of the scalar field in the false vacuum. The correlation length is of order 
hjmvp, and = l^^)^^^!!^ i^^pli^s ~ 15nm, so l//i ~ lOnm. In the thin-wall limit, 
Ac = 3cr/e ^ 2000nm, so the radius of the bubble is (9(100) times the thickness of the 
domain wall, and the approximation is consistent. 

The simplest estimate one could do for the pure thermal activation exponent simply uses 
the Boltzmann factor: 

1 fivr rr'^ 1 

^thermal = ^^^^ = 3-3 X lO'^/l (6) 

The actual tunneling takes place via a combination of quantum and thermal processes. 
In a scalar quantum field theory with a false vacuum and a true vacuum, tunneling starts 
from the bottom of the false vacuum in the potential. At finite temperature, tunneling does 
not need to occur from the bottom of the false potential well. Instead, tunneling proceeds by 
a combination of thermal excitation part way up the barrier followed by quantum tunneling 
through the barrier. 

More detailed estimate^^ using different interpolations agree with these simple estimates 
of S to within a factor of (9(10). In any case, although the actual estimate of S may vary 
somewhat, no reasonable theoretical argument can push the value of S substantially below 
that of Eq.([2]), which implies that the A B phase transition should never have happened. 
This is the puzzle we are facing. 

III. REVIEW OF RESONANT TUNNELING 

IrP^, the resonant tunneling effect for a scalar quantum field theory with a triple-well 
potential in the double thin-wall limit was established. Let us start with a scalar quantum 
field theory with the interpolating field 0(x) and its effective potential V(0(x)). The time- 
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independent functional Schrodinger equation is^ 

i7v[/(0(x)) = Evl/(0(x)) (7) 

where 

and the eigenvalue E is the energy of the system. As usual \l/(0(x)) = Aexp{—j:^S{(j))) is the 
amplitude that gives a measure of the likelihood of the occurrence of the field configuration 
0(x). 

At leading order in h the functional Schrodinger equation reduces to a one-dimensional 
WKB equation. The key idea that allows this simplification is that there is a trajectory in the 
configuration space of 0(x) known as the most probable escape path (MPEP) which provides 
the dominant contribution to the tunneling probability^*^. The MPEP 0o(x, A) satisfies the 
Euclidean equations of motion in the classically forbidden regions f/((/)o(x, A)) > E, and 
satisfies the Lorentzian equations of motion in the classically allowed regions f/(0o(x, A)) < 
E, where the effective tunneling potential f/(0o(x, A)) is 

f/(A) = f/(0o(x, A)) = J d^x Q(V0o(x, A))2 + y(0o(x, A))^ . (9) 

In general A is an arbitrary real parameter. Since we are integrating over the three spatial 
dimensions, it is convenient to choose E = when sitting at the bottom of the highest false 
vacuum so U{X) will stay finite. At leading order in h the functional Schrodinger equation 
reduces to a one-dimensional time-independent Schrodinger equation: 

- Y^ + ^(A)f/(A))vI/o(A) = (10) 

where m(A) is the effective mass, which is manifestly positive. 



Here A plays the role of a spatial coordinate. Given V{X) = m(A)f/(A), Eq.(lO) can be 



readily solved. For the single barrier expected, the WKB result of Eq.rtlOh reproduces 

Coleman's instanton result in the thin-wall approximation. 

Let us consider the double-barrier case. Starting with a potential V{(j)) as shown in Fig. 
[T| we use the intuitively obvious MPEP for 0(x, t) to tunnel from the A phase to the B phase 
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FIG. 1: A typical effective potential F(</>) with a false vacuum A at (j) = — 2ci, a slightly lower (by 
ei) false vacuum ^' at = and a true vacuum B at (p = 2c2- 



via the A' phase : sitting at the false vacuum A, a nucleation bubble with A' phase inside 
starts to form. In the region in the A' phase, another bubble with B phase inside starts to 
form. To simplify the problem, we shall consider the (double) thin-wall approximation. As 
a function of the four-dimensional radial coordinate r, we have the MPEP 

0(r) = -ci tanh ^y ('^ ~ '^O^ "~ ^2 tanh ^y (r - r2)^ + C2 - Ci (12) 

where l//ii,2 measure the thicknesses of the domain walls. For appropriate ri > r2, we shall 



use this ( 12 ) as an ansatz to find the resonant tunneling condition. 



It is straightforward to extract 0(|a;|, A) from 0(r) given by Eq.(12) 

/ii A_ 
2 ri 



0o(|a;|, A) = — ci tanh ( ^ — (|x| — A) ) — 



® (x ~ l)c2tanh (^y ^(kl - A')^ + - ci (13) 



where we use 



a/A^ — : classically forbidden 
a/A^ + : classically allowed 
Here A is the value of A at which the inside bubble has zero spatial extent. 



(14) 



A' = r!- rl (15) 
and as long as both bubbles are expanding 

A' = VA2 - A2 . (16) 
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FIG. 2: The tunneling process from A to B via A' leads to the formation of two bubbles: the 
outside bubble separates A' from A and the inside bubble separates B from A' . They are drawn 
as concentric bubbles here, though the inside bubble can shift sideways. Here A is the length of 
the horizontal dashed (red) line. We have ri > A > r2. 



This is shown in Figure^ The equation (12) also implies that 0o(|a;|,A) = for A < 



Substituting this MPEP 0o(|2;|, A) given by Eq.g into Eq.g and Eq.(|lT|) now yields, after 
a straightforward calculation, the effective mass m(A) and the effective tunneling potential 
U{\) = U{(f>o{\x\, A)). In the double thin-wall limit, the potential is described by the domain 
wall tensions ai (between A and A') and a2 (between A' and B) and the energy density 
differences ei and €2- In this limit the effective tunneling potential is 

47r 



f/(A) 



V ri 



27rai ( - + - 1 A^ 



ri 
A 



-eiA^ + 



27r(72( - 



(17) 



where ri and r2 are the radii of the larger and smaller bubbles respectively upon nucleation, 



Tg, and 



A' 







A2 : A < A 
: otherwise 

is the spatial radius of the smaller bubble. The position-dependent mass is 

A . 



m(A) 



4.(^A^ + e(A/A-l)^(Ar). 



(18) 



(19) 



Conservation of energy implies that the radii of the two bubbles when they simultaneously 
nucleate and begin to grow classically are related via 



E = U{n) = 47r((Ti - Kiei)rl + 47T{(X2 - ]^r2t2)rl 



. 



(20) 



We restrict our attention to zero-energy tunneling which implies the last equality in (20) 



After imposing the constraint (20), we still have one free parameter, which we can take to 
be r2- 
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FIG. 3: Left : U{X) for the double barrier potential in Fig. [Tj Here, U{\) = for A < 0. 

Right : V{X) = m{\)U{X) for the same double barrier case. 

However r2 is subject to additional constraints, due to the necessity of having an effec- 
tive tunneling potential U (A) capable of supporting resonant tunneling. In particular the 
effective tunneling potential must have two distinct classically forbidden regions separated 
by a classically allowed region, and must energetically favor the growth of at least one bub- 
ble after nucleation. Equivalently U{X) must have four zeros 0, A^, Aa, and ri, and must 
approach negative infinity for large A, 

= U{0) = U{Xa) = U{Xa) = U{n) . (21) 

The radii of the two bubbles at the moment of nucleation are related via the constraint 



(15). This is illustrated in Figure |4| The determination of the various approximate Eu- 
clidean/Lorentzian regions is possible only after we determine the MPEP. A priori, it is 
difficult to determine the existence of the classically allowed region and evaluate the sum of 
the set of coherent Feynman paths before the problem is reduced to a "time" -independent 
one-dimensional QM problem. This is why the functional Schrodinger method is very useful 
here, since it completely avoids the introduction of either Euclidean time or real time into 
the tunneling framework. 

The requirement that there are four distinct classical turning points leads to the condi- 
tions 

2((7i + a2) < riei + r2e2 

where Aic,2c are the radii at which bubbles of A' or B are nucleated in single-barrier tunneling 
processes. The condition that at least one bubble must grow classically after nucleation is 

^ + ^<^ + ^. (23) 

ri r2 3 3 
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FIG. 4: The various regions that can be described by Euchdean time or by Lorentzian time in 
the double bubble nucleation process. This figure corresponds to a case that permits resonant 
tunneling. The boundaries between these regions are the line A = ri, the outer bubble wall, and 
the region around the inner bubble wall enclosed by the two blue dashed lines. The actual (semi- 
circular) region of Lorentzian time description shrinks slightly as we approach A = ri. In the 
leading order approximation in the functional Schrodinger method, the boundaries between these 
regions are given by the red horizontal dotted lines and the line A = ri. 



For some choices of ai, a2, ei, and £2, these conditions are incompatible and preclude any 



possibility of a resonance. In particular Eq.(22) and Eq.(23) rule out any possibility of a 
resonance effect for ei < or £2 < 0. 

If r2 > 2cri/ei, the smaller bubble will grow classically after nucleation and the tunneling 
from Ato B will complete. We call this case resonant tunneling. Alternatively if r2 < 2(Ti/ei, 
the smaller bubble will (classically) collapse after nucleation and the result will be tunneling 
from A to A', although it is possible for P(A — )■ A') to be much larger than ex'p(—S^'^^'/h) 
where S^^^' is the Euclidean action of the A to A' instanton. We call this case catalyzed 
tunneling. 



IV. CONDITION FOR RESONANT TUNNELING 

Now we are ready to find the condition for the resonant tunneling phenomenon. As is 
well known, the mean field theory allows many possible phases for superfluid He-3. So far 
only the normal, the Ai, the A and the B phases have been observed, where the last three 
are superfluids. The Ai —> A phase transition is second order, while the transition from 
A to i? is first order. As we have mentioned in Section [Tl| theoretical calculations argues 
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FIG. 5: The allowed radii ri, r2 of the bubbles are constrained to lie on the solid black curve 



by energy conservation. The dashed lines show the boundaries of the constraints (22) and (23) 



that the effective tunneling potential (17) has four distinct classical turning points and at least 
one bubble can grow after nucleation. For some choices of ai^2 and ei,2, a finite number of points 



satisfy the resonant condition (A8). These points are indicated by dots. If there is more than one 
such point, one will provide the dominant contribution to the tunneling probability. Depending on 
the radius r2 of the smaller bubble of this dominant contribution, either resonant tunneling from 
A to or catalyzed tunneling from A to A' will occur. 



that the A to B transition should never have happened, which is frequently contradicted 
by experiments. In a normal condensed matter system, impurities are typically present and 
they can provide seeds of bubble nucleation. However, since He-3 is devoid of impurities, 
the answer should lie somewhere else. It is possible that cosmic rays hitting the sample may 
play a role, as proposed in the "Baked Alaska" modeP^ and the "cosmological" scenaricP. 
Showering beams of particles or ionizing radiation should certainly enhance the transition 
rat^. However, there is strong evidence that the transition rate is puzzlingly fast even in 
the absence of any such external disturbances. We believe the fast transition is a resonant 
tunneling phenomenon. 

To apply the resonant tunneling phenomenon to the A ^ B transition, there are a priori 
two possibilities : via catalyzed tunneling or resonant tunneling. In both third phase 
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besides A and B must be present in the phase diagram. At first sight, one may consider one 
of the predicted but as yet not discovered phases of He-3. However, none of them seems to 
have the right properties. Our analysis shows that resonant tunnehng is the hkely scenario 
and that requires a phase between the A and the B phases but very close to the A phase; 
that is, both the domain wall tension o"i and the free energy density difference ei between 
that phase and the A phase should be small compared to that (cr2 and €2) between that 
phase and the B phase. How can we find such a phase? 

As is well known, both the A phase and the B phase in a superfluid He-3 model are 
degenerate. These degeneracies are typically weakly lifted by the presence of an external 
magnetic field, and by the spin-orbit interaction. Furthermore, container wall effect has a 
large impact on the ground states of superfluid He-3 close to the wall. So both the A phase 
and the B phase are actually a collection of phases. Some of these phases have rich intricate 
properties; they are well studied, both theoretically and experimentally. Depending on the 
experimental setup and conditions, the initial A phase is actually in one of these sub-phases. 
Let us call it the A^ phase. If there is another A sub-phase which has a lower free energy 
density than that of A^, then we are in business. We call this sub-phase the A^ phase. 

With resonant tunneling, the decay rate of A* A^ ^ B will be substantially enhanced. 
However, even with resonant tunneling, this decay rate is typically still exponentially sup- 
pressed (see Eq.(A9)). For example, even if the exponent in Eq.([2]) is reduced by a factor 
of 100, the decay time is probably still far too long. Here, the presence of B sub-phases 
should help. Again the various B sub-phases have slightly different free energy densities 
and the domain wall tension a2 between A^ and a B sub-phase varies a little from one B 
sub-phase to another. That is, nature will pick the particular B sub-phase, called the B'' 
sub-phase, that has the fastest tunneling rate. That is, the choice of a specific B sub-phase 
provides a fine-tuning to enhance further the tunneling rate. Again, this enhancement is in 
the exponent for the A* — )■ A^ — t- B'^ transition. 



As noted in section HI, fixing the potential V{(f)) and imposing energy conservation does 
not uniquely fix the size of the bubbles. A range r2,min < ^2 < r2,max of bubble sizes is 



determined via energy conservation (21) and the constraints (22) and (123]). Because r2 is 



not fixed uniquely by these constraints, the tunneling probability P(A — > B) (A3) depends 
nontrivially on the parameters Ui 2 and ei 2- 



The smallest allowed r2,min occurs where $ = (A5), and $ increases monotonically with 



15 




FIG. 6: This plot illustrates for which regions in parameter space the resonant effect is important. 
Here ei = 1.0 • 10~^J/m^ and cJi = 2.5 • W^^^J/m^ are fixed (with vp = 55m/s so S^~^^' /h ~ 
8 • 10^) and a linearly spaced grid of points are sampled. To the left of the red solid line, neither 
catalyzed nor resonant tunneling can occur. The blue dashed line divides the region in which 
catalyzed tunneling occurs from the region in which resonant tunneling occurs. Both lines are 
approximate and are based on numerical simulations. The centers of the squares indicate points 
at which 100 < —S^^^ /{hlnP) < 1000 and the centers of the circles indicate points at which 
the tunneling is essentially unsuppressed: 1000 < —S^~^^'/{h\nP), where P is P{A — t- B) in the 
resonant tunneling regions and P is P{A — )• A') in the catalyzed tunneling regions. In general 
the enhancement due to the resonance effect becomes more likely as €2/61 decreases and as o^jox 
increases. The peaks in P are generally very narrow. 



ra in the allowed region r2,mm < r2 < r2,max- If "^'('^2,max) > 0('^2,max) ( |A4| ), there must 
be some r\ for which ^[r*^ = ©(^"2) because G is always positive. If W{r2) = {n + l/2)7r 



(A6), then the tunneling probability will be approximately unity. Generically the dominant 
contribution to the tunneling probability will come from either the closest point above r2 or 
the closest point below r2 on the energy conservation curve that satisfies W = {n + 1/2)tt. 
Alternatively if $(r2,max) ^ 0('"2,max), then there is no possibility of a large enhancement. 

In the allowed region W{r2) decreases monotonically. Holding ei/e2 and Oxjo^ fixed, the 
range of W increases as the single barrier instanton action S^~^^ = /(effi?) increases. 

The shape of the curves in Figure [s] do not change as S"^"^^' is increased, but as the range 
of W increases it becomes more likely for a point satisfying W = {n + l/2)7r to occur very 
close to Tg. Thus the probability of a large enhancement due to resonance effects tends to 
increase as single-barrier tunneling becomes more unlikely. 
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3t US now determine for which potentials V{(f)) the resonant effect is important: 

We can use the quantity —S^'^^'/ (/ilnP) where P is P{A — )■ B) if resonant tunnehng 
occurs and P is P(A — )■ A') if catalyzed tunneling occurs to estimate the presence of 
the resonant effect. In the total absence of the resonant effect, 

- Sr^'/{h\nP) ^ / < 1 (24) 

while —S^^'^'/{h\nP) > 1000 when the resonant effect begins to eliminate the expo- 
nential suppression factor in the tunneling rate. This is shown in Fig. |6| The center of 
each black dot or circle satisfies —S^~^^'/{h\iiP) > 1000, i.e., each black dot contains 
a region with -S^-^^' / {h\n P) > 1000. 

Within each dot, there may be points where the resonant effect is significantly more 
pronounced and P ~ 1. 



If we enlarge the plot (Fig. [6| to a three-dimensional plot, with S^^^' as the third 
axis, we expect that there are points within each three-dimensional cluster of dots 
and each isolated dot where P ~ 1. If there are a number of A' sub-phases available, 
nature will automatically pick the one with the fastest tunneling rate for the A B 
transition. 

As shown in Fig. [6} large enhancements in the tunneling probability due to resonant 
effects can only occur in certain regions of the (o"i, (72, ei, £2) parameter space. Of 
particular interest is the €2 ^ Ci, cr2 ^ ai limit, as this region supports resonant 
tunneling, has the possibility of a large enhancement in the tunneling probability, and 
describes superfluid Helium-3 near the transition temperature. If €2 ^ ei, cr2 ^ ai, 
and r2 ~ ri, then r2,max approaches A2c- In the limit that the classically allowed region 
is shallow we see that $(r2,max) ^ 0('"2,max) only if 



,6 ~ l^lJ 
^2 



(25) 



However, as is clear from Fig [6} the resonant tunneling phenomenon persists in the 
region where both a2/o'i and €2/61 increase. Keeping the A' — B tension a2 and A' — B 
energy density difference €2 fixed, the resonant effect will be present (keeping the 
ratio crf/el large enough to stay above the blue dashed line in Fig. [6]) as both the 
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A — A' tension cxi and the A — A' energy density difference ei approach zero. Although 
the thin- wall approximation breaks down before we reach the limit, this does suggest 
that the resonant effect will remain in this limit under some appropriate conditions. 
Physically, it will mean that the coherence now comes from the sum of paths in the 
degenerate or almost degenerate A — A' phase. 

• In a physical system, as the barrier between A and A' disappears, the tunneling prob- 
ability from A to B must approach the tunneling probability from A' to B. That is, 
the system will simply roll from A to A' and then tunnel to B. If the barrier is too 
small for a system at finite temperature, we expect that thermal effects will smear the 
resonant phenomenon. 

V. SOME PREDICTIONS 

Let us first briefly review existing proposals to the fast A B transition puzzle and then 
propose how our explanation may be tested. Although the predictions are very qualitative 
in nature, they are very distinctive. Some of the experiments proposed should be readily 
performed. 

A. Comparison to Other Explanations 

One well-known explanation of the rapid A ^ B transition is the "Baked Alaska" 
model^®. It proposes that the fast transition is triggered by cosmic rays, which provide 
the seeds of B phase bubble nucleation. We do agree that showering ionizing radiation or 
shooting beams of external particles to a sample of A phase superfluid He-3 can trigger the 
formation of B phase nucleation bubbles, thus leading to a fast A ^ B transition!^. In the 
"Baked Alaska" model, an external disturbance such as a cosmic ray creates a localized hot 
region. Instead of simply shrinking and disappearing, the localized hot region can evolve 
into a hot shell surrounding a cool interior^. In this model, the cold interior region cools 
sufficiently rapidly that it has a reasonable chance of being in the B state, and the hot 
shell protects it from the surrounding A phase until it grows larger than the critical size for 
expansion. 

Another well-known explanation of the rapid A ^ B transition is the "cosmological" 
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0.5 0.7 0.9 r,. 

FIG. 7: The number of A ^ B transition events in a ^He-A sample as the temperature is slowly 
decreased. In the left figure, we illustrate the possibility that the broad resonant peak in Ref.'^ 
is actually a collection of three unresolved narrow peaks at three nearby nucleation temperatures 
around T = 0.67Tc. The right figure assumes the broad peak at T = 0.67Tc is a single resonant 
peak (its breadth due to finite temperature effect) and there are additional peaks at nucleation 
temperatures below T = 0.67Tc. These two features are not mutually exclusive. Note that the 
expected number of events at a given temperature in this experiment is not proportional to P{A — >■ 
B) at that temperature, because only a fraction of the trials reach the lower temperatures. In both 
figures the bars indicate the number of observed A to B transitions in Ref.'^. 

scenaricP^Sl |^]^jg scenario after local heating, many casually independent regions in- 
dependently undergo the superfluid transition to either the A or B phase. If the B phase 
seeds percolate, the transition can complete. Because the regions independently undergo the 
transition, topological defects (in this case vortices) will be producecP^'^. Measurement^ 
showing that not all of the energy is carried away by quasiparticles after neutron irradiation 
support this theory, since the missing energy is consistent with the energy expected to be 
stored in vortices. 

Despite the successes of these theories, experiments have not ruled out transitions in the 
absence of cosmic rays. As pointed out in Ref.'^, no correlation has been detected between 
nucleation events and coincidence counts from the cosmic ray detectors. Even though the 
cosmic ray detectors apparently do not cover all angles, this experiment strongly indicates 
that the fast A ^ B transition happens even in the absence of cosmic rays. That is the 
puzzle. 

Another experimenlim shows that the nucleation temperature (about 0.67Tc) depends on 
pressure and the geometry of the sample, again suggesting that cosmic rays are not the 
cause of the fast A ^ B transition. 



Events 

4r 



Events 

4r 
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These two experiments are in accord with our explanation, which has nothing to do with 
external disturbances. One can certainly extend the cosmic ray detection to all angles to 
improve the experiment of Ref.'^ to rule out with certainty that cosmic rays are not the 
reason for the fast A ^ B transition. 

Vortex nucleation experiments in superfiuid He-3 do not provide any direct test of our 



proposal because vortices are defects and hence the analysis of Section III, which relied 
on the formation of bubbles, is not readily applicable to the nucleation of vortices. Vortex 
nucleation can occur in one of three ways: when the barrier disappear^, when the sample is 
stimulated by external radiatiorpH^ or when shear instability occurs at the A-B interfac^^. 
The second of these explanations is the "cosmological" scenario discussed above. If the 
first or third of these explanations can be applied to B phase nucleation, the experimental 
signatures will be distinct from those we describe in the following section. 



B. A Plausible Prediction 



The nucleation temperature is simply the temperature that the A ^ B transition takes 
place. In our scenario, that means the nucleation temperature satisfies the resonant condi- 
tion. Slightly away from the resonant condition, the transition time becomes exponentially 
long. Since the resonant tunneling phenomenon requires the satisfaction of a fine tuned 
condition, A ^ B transition happens only at specific values of pressure, temperature and 
magnetic field. Move slightly away from those values and the transition simply will not hap- 
pen. Viewed another way, a small change in geometry, external magnetic field or pressure 
will certainly shift the properties of the various He-3 phases, so the nucleation temperature 
will be shifted accordingly. This seems to be the case in Ref.™ 

Consider the nucleation temperature already seen in 

Ref.l™!. For example, Ref.^^i finds 
that, for a ^He-A sample with pressure at 29.3 bar and magnetic field H = 28.4 mT, B 
phase nucleation takes place at temperature T = 0.67Tc with a (full) width of about 0.02Tc 
when the sample is slowly cooled, at a rate of 5/iK per minute to 29/iK per minute. At 
this magnetic field and pressure, the A and B phases have equal free energy density at a 
temperature Tab = 0.85Tc. In the event number {of A B transitions) versus temperature 
plot (collected over a number of these temperature sweeps), the event number shows up as a 
resonance peak at T = 0.67Tc. The dependence of the transition probability P{A — )■ B) on 



20 



temperature can be inferred from the number of observed transitions at each temperature 
and the coohng rate, ahhough not from either individually. Such a resonance peak is in 
accordance with our expectations. One can perform a more detailed data collection in the 
three-dimensional plot of the pressure, magnetic field and temperature to find the regions 
where the A B transition happens. We expect multiple isolated regions. These regions 
may take the form of isolated peaks, or lines or surfaces in the 3-dimensional space with 
temperature, pressure, and magnetic field as the three coordinates. 



Since the resonant condition is simply the Bohr-Sommerfeld quantization condition (A8) 
and there are multiple solutions to this condition, there should be more than a single nucle- 
ation temperature. That is, for fixed pressure and magnetic field, there may be additional 
nucleation temperatures. In Fig. [7| we present two plausible scenarios of multiple nucleation 
temperatures : 

• The peak in the event number (of B phase transition) versus temperature in Ref.'^ is 
actually an unresolved collection of two or more very narrow peaks. This is illustrated 
in the left panel of Fig. [7| To resolve them and to determine their actual widths, one 
may have to use a slower rate in the temperature sweep and collect more data. If the 
finite temperature effects are small, then the width of each individual peak can easily 
be much less than lyuK. Since the width of the unresolved peak is about 50yuK, sitting 
at a random fixed temperature within this broad width is unlikely to encounter an 
A ^ B transition (once off the peak, the transition probability becomes exponentially 
small). This agrees with the observation of Refi'^^, that a ^He-A sample can sit at a 
stable temperature in that temperature range for hours. 

• The width of the peak may be due to the spread caused by the finite temperature and 
other effects. In this case, there can be other critical nucleation temperatures besides 
the one observed. This is illustrated in the right panel of Fig. [7} A simple search of 
additional nucleation temperatures below T = 0.67Tc will be very interesting. If they 
exist, we expect their widths to be narrower as well. 

Although we do not know enough about the detailed structure of the free energy functional 
to find the positions or shapes of the additional resonances, we can still make some comments 
here : 
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Our prediction only states that we expect more than a single nucleation temperature 
or a single resonance peak. That is, we predict the existence of narrow peaks in the 
transition rate, between which the transition is completely absent. The positions and 
shapes of the narrow resonance peaks shown in Fig. [7] are not predictions, and are 
shown for illustrative purposes only. 

It is entirely possible that the actual scenario incorporates both features of narrow 
peaks just described. 

sees the nucleation temperature only during cooling down, not during warmup. 
This suggests that the warmup nucleation temperature may be shifted outside the 
temperature range studied. Another possibility may be the tunneling probability is 
still too low even when hitting the resonance condition. As pointed out in Ref.^, this 
difference between cooling down and warmup may be due to the continuous vortices 
induced by rotation in the sample of ^B.e-A. 

It is possible that the additional resonances show up more readily if one adjust slightly 
the pressure and/or the magnetic field. 

Although we generically expect to have multiple resonances with different quantization 



number in the quantization condition (A8), it is possible that variation of temperature, 
pressure, or magnetic field leads to variations of the effective potential V{(f)) (in Fig. 
[T| for the interpolating field 0. This in turn leads to corresponding variations in V{X) 
(in Fig. [3]) and so 0, $ and W in Appendix A in a way such that two or more 
distinct resonances appear at the same quantization number. We cannot rule out the 
possibility of such a coincidence. 

C. Growth of Bubbles 

Suppose for a particular choice of parameters, resonant tunneling occurs. After nucle- 
ation, both bubbles will grow classically. By symmetry, the radii |xi| and |x2| of the two 
bubbles satisfy 

^■=|xi|'-t2 (26) 
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where i — 1,2 assuming both bubble walls have zero velocity at t — 0. Thus 

(27) 



1x2 P rl+t"^ 



|xi|2 rl + f^ 

which implies that smaller bubble always grows faster, since this ratio is monotonic in t > 0, 
and approaches unity at future infinity. In a physical system, the bubble walls will interact, 
and once they are close enough they will merge. In superfluid He-3, energy dissipation could 
complicate this simple treatment, but should not alter the conclusion that the separation 
between the two bubble walls is initially decreasing. 

The distance between the two walls at nucleation could be much larger than the thickness 
of either individual wall. If it were possible to observe the nucleation of the bubbles without 
sufficient resolution to separate the double walls, they will appear as a single thick wall. 
Then we expect to see that "thick wall" becomes thinner as the bubble grows. 



VI. DISCUSSION AND REMARKS 



Now, we like to summarize the scenario we envision. In a typical experiment trying to 
reach the B phase of superfluid He-3, the sample starts at the A phase, say, the A* sub-phase. 
One reaches this phase via either the normal or the Ai phase, where the Ai ^ A transition 
is second order. As the temperature is lowered to supercool the A^ sub-phase, fast tunneling 
requires the presence of a A^ sub-phase slightly below the A^ phase. 

As the temperature of the sample is being lowered (in some experiments, adjustment of 
pressure and/or external magnetic field may also take place), all the properties (say (Xi 2 and 
£1,2) will be varying slowly. This flne sweeping of the parameters of the system (as well as 
the choices of A^ and B^) offers a good chance that resonant tunneling with vanishing (or 
almost vanishing) exponent will be hit at certain point for specific choices of the A^ and 
B'' sub- phases., enabling tunneling with little or no exponential suppression. This scenario 
clearly requires the existence of the A^ sub-phase. 

Note that we are not concerned with tunnehng from the B phase back to the A phase. 
Presumably, even in the B phase, some regions adjacent to the container walls will remain 
in the A phase, so that when the temperature is raised so that the A phase becomes the 
true ground state, those A phase regions will simply grow and take over the sample. 
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A. Some Subtleties 



Notice that our analysis assumes homogeneity and isotropy of the medium. However, 
many sub-phases are not homogeneous and/or isotropic. Exphcit calculations of the tunnel- 
ing in such situations will be much more complicated. However, one may convince oneself 
that resonant tunneling is a generic phenomenon, independent of the details, as long as 
some constraints are satisfied; that is, the presence of a classically allowed region that allows 
the Bohr-Sommerfeld quantization condition (i.e., the coherent sum of Feynmann paths) to 
be satisfied. As we have seen, this is not a very tight constraint when the sub-phase 
is present. Experimentally and/or theoretically, one has to check that such a sub-phase is 
actually present. This is a qualitative prediction. 

Additionally our analysis neglects thermal fiuctuations. On general grounds we expect 
thermal effects to broaden the resonances, but if S^~^^' /h is sufficiently large these effects 
are likely negligible. 

B. Cosmic Landscape 

In superstring theory, we believe there are classically stable local vacua, described by 
many "parameters and variables" known as moduli. They number in the dozens to hundreds. 
In superfluid He-3, we have a complex 3x3 matrix as the order parameter plus many 
interaction parameters. (Here, tiny interaction terms can be important in reaching the 
sweet spots of resonant tunneling.) Not surprisingly, both systems have many solutions : 
classically stable local vacua in string theory, collectively known as the cosmic landscape, or 
phases in He-3. That a phase transition in He-3 is much much faster than naively expected 
is a pleasant surprise for experimentalists. This phenomenon should be fully understood 
so we can decide whether the same phenomenon should happen in the cosmic landscape. 
Here we speculate that, due to the resonant tunneling effect, the tunneling transitions in 
the cosmic landscape may happen surprisingly fast. In fact, the transitions may simply 
become exponentially faster as the number of vacua becomes more numerous. Resonant 
and catalyzed tunneling could be relevant to eternal inflation (sed^ for a review). The 
implication of this phenomenon on the behavior of the universe cannot be understated. It 
is interesting that He-3 experiments may help clarify some outstanding theoretical issues in 
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cosmology. 
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Appendix A: Resonant Tunneling in Quantum Mechanics 

Now let us briefly review resonant tunneling in quantum mechanics. We consider a 
particle with a unit mass moving under the influence of a one-dimensional potential V{X). 
Using the WKB approximation to solve the one-dimensional time-independent Schrodinger 



equation (10) for the wavefunction of the particle \£'o('^) gives the linearly independent 
solutions 

^L^nW ^ exp ± z y dXk{X)^ (Al) 



in the classically allowed region, where A;(A) = y -^{—V{X)), and 

^±(A) ^ exp ± I dXK{X)^ (A2) 

in the classically forbidden region, where /t(A) = \J'^{y{X)). A complete solution is given 
by Tpi^X) = aiipL^X) + aRipR^X) in the classically allowed region and ipi^X) = a+ip+{X) + 
a_V'_(A) in the classically forbidden region. 

We consider V{X) with three classically allowed regions as shown in Fig. [3| where V{X) = 
for A < 0. The same analysis gives the tunneling probability from A to B, via A', a^^^^, 

P{A ^ B) = 



where 



~ 2exp ^ dX^/2V{X)^ 



(A4) 
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and 



$ ~ 2 exp Q y ' dX^/2V{X)^ (A5) 



are typically exponentially large, and 

W = 1 [ d\^/-2V{\) , (A6) 

with Aa and ri the turning points on the barrier between A' and B. Here, the region A' 
(Aa < a < Aa) is classically allowed. 

If A' has zero width (i.e., this classically allowed region is absent), W = so P{A — )■ B) 
is very small, 

P{A ^ i?) ~ 40-2$-^ = P{A A')P{A' B) /4 (AT) 

However, if W satisfies the Bohr-Sommerfeld quantization condition for the nth bound state 
in A' , namely 

= (n + l/2)7r, n = 0,1,2,... (A8) 

then cosW = 0, and the tunneling probability approaches a small but not necessarily 
exponentially small value 



4 

(e/$ ^$/0)^ 



Pi^ -^B) = ^-^——^-^ (A9) 



This is the resonance effect. If — )■ $, P{A B) ^ 1, that is, the tunneling probability 
approaches unity. Notice that the existence of the resonant tunneling effect here is inde- 
pendent of the details, though some fine-tuning may be necessary. In superfluid He-3, we 
argue that the choices of the specific A and B sub-phases plus the slowly changing environ- 
ment (say, changing temperature) provides some natural effects that mimic the fine-tuning 
needed. 

The above phenomenon is easy to understand in the Feynman path integral formalism. 
A typical tunneling path starts at A and tunnels to A'. It bounces back and forth k times, 
where k = 0,1, 2, ...oo, before tunneling to B. When the Bohr-Sommerfeld quantization con- 



dition (A8) is satisfied, all these paths interfere coherently, leading to the resulting resonant 



tunneling phenomenon. It is important to point out that this constructive interference effect 
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cannot be captured in a pure Euclidean formulation typically used in a quantum tunneling 
problem. 
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